A survey of the risk management literature shows that few studies have attempted to take into account financial crisis in market risk measurement, in particular when using a Value-at Risk (VaR) analysis. In this paper, we use models to investigate the effects of subprime crisis on the Value-at-Risk estimation. In this framework, we investigate GARCH family models such as, GARCH, IGARCH, and GJR-GARCH. Each is adjusted based on three residuals distributions; normal, Student and Skewed Student-t. Using American stock market data, we show that dynamic volatility is different between the stability and during crisis periods. The estimation results indicate that the amount of VaR is different during these two time periods. This finding could be explained by the volatility clustering effect. The empirical results show also that GJR-GARCH model performs better in both sub-sample periods, in comparison with GARCH and IGARCH models. Moreover, we conclude that Student-t and Skewed Student-t distributions are preferred in the stable period while the normal distribution is recommended during the turbulent period.
Introduction
In the last few years, risk management has known an important advance. In response to the financial crisis of the early 1990's, risk management was started by Value-at-Risk which has become one of the key measures of financial market risk. VaR is defined as an estimate of the maximum potential loss to be expected by a financial institution over a given period with a fixed probability. The Basle Committee prescribes its use as an internal management for financial institutions and risk managers. This technique of risk measurement has known such advances in the field of risk management and being now used to control and manage risk actively. Statistically, VaR, for a given portfolio, is simply an estimate of a specified percentile of the probability distribution of the portfolio's value change over a given holding period. The specified percentile is usually taken in the lower tail of the distribution (for e.g., 95th percentile or the 99 th one).
In the literature, several approaches have been used in Value-at-Risk estimation and prediction, such as RiskMetrics model, known as the benchmark approach. Alternatives have been developed and have outperformed the benchmark RiskMetrics model in the VaR prediction. Indeed, Danielson and de Varies (1997) , McNeil and Fray (2000) and Ho et al (2000) use extreme value theory to estimate Value-at-Risk. Later, Engle and Manganelli (2004) , utilize a quantile regression method. Other approaches, based on Markov switching techniques (Billio and Pelizon, 2000) and high frequency data (Beltratti and Morana, 1999) are also used. In addition, the concept of ''realized volatility'' has emerged as a new technique using the intra-day data as a better alternative to standard VaR model (Andersen, et al, 1999, Moosa and Bollen, 2002 )(Note 1).
As far as VaR estimation is concerned, the GARCH family models constitute one of the most interesting framework for VaR prediction which could capture the time-varying volatility feature and provide an efficient variance prediction (Wong and So, 2003; So and Yu, 2006) . In the ARCH specification by Engle (1982) and later its generalization (GARCH), by Bollerslev (1986) , the residual series was supposed to be normally distributed. However, this assumption was often criticized and comprises at least three drawbacks. First, the normal distribution for asset returns can not describe the extreme events. Second, recent empirical studies find that normal distribution for residual series driven from GARCH type models may generate substantial bias in VaR estimation which mainly concerns the tail properties of this series distribution. Third, return distribution has usually a heavier tail than a normal distribution (Pollitis, 2004) . This is mainly due to asymmetry and leptokurtosis of the data distribution. Therefore, several propositions have been made as alternatives to the normal distribution, such as the Student t-distribution (Bollerslev, 1987; Hansen, 1994) , generalized error distribution (Nelson, 1991) , generalized hyperbolic distribution (Eberlein and Keller, 1995; Barndorff-Nielsen, 1997) , stable distribution (McCulloch, 1996) , non-central Student t distribution (Harvey and Siddique, 1999) , Gram-Charlier distribution (Rockinger and Jondeau, 2001 ), Pearson's Type IV distribution (Premaratne and Bera, 2001; Yan, 2005; Bhattacharyya et al, 2007) , skewed t distribution (Jondeau and Rockinger, 2003) , Johnson's SU distribution (Yan, 2005) , and mixture of normal distributions (Alexander and Lazar, 2006) .
To the best of our knowledge, most empirical studies dealing with VaR calculation have focused on stock market risk (Brooks and Persand, 2002; Laurent, 2003b, 2004; Huang and Lin, 2004; Chiu et al., 2005) . A very few studies have attempted to take into account financial crash and crisis in market risk measurement, especially in VaR context. In this paper, we use GARCH models in order to investigate the effects of subprime crisis, which have affected the American stock markets in July 2007, on VaR estimation. For this purpose, we investigate three GARCH specifications, GARCH, IGARCH and GJR-GARCH models. Each will be adjusted by three residuals distributions; namely normal, Student and Skewed Student distribution.
The remainder of this paper is organized as follows. The VaR concept is described in section 2. Section 3 presents the GARCH family models used for VaR prediction. Section 4 investigates the GARCH family estimation which depends on three residual distributions. Section 5 focuses on model based VaR evaluation techniques. The last section presents the data set, preliminary studies and empirical findings. Finally, we conclude the paper.
General concept of long and short position Value-at-Risk
The VaR technique was introduced by JP Morgan in 1990 to measure the risk of declining values of financial assets. As in Giot and Laurent (2003) , we focus on modelling VaR for portfolios defined on long and short trading positions.
Long trading positions VaR
Following Giot and Laurent(2003) , traders or portfolio managers have long trading positions if they bought the traded asset and are concerned when the price of the asset falls. To define the long position VaR, let be the price of a financial asset on day t. A k-day long position VaR on day t is defined as the amount for which the probability, that it exceeds the loss , is equal to a confidence level . This could be formulated as follows:
.
For one-day , this could be rewritten very simply:
Financial time series of returns are defined as:
Under the assumption, that asset's scaled returns follow a given distribution noted (Note 2), then the long position one-day VaR at level is given by ,
where is the mean of return series, denotes the percentile according to the statistical distribution and indicates the standard deviation or volatility on day t, which could be obtained via GARCH family models.
Short trading positions VaR
The short position VaR is defined when traders incur losses when stock prices increase. Giot and Laurent (2003) indicate that in the case of short position VaR, the trader loses money when the price increases because he would have to buy back the asset at a higher price than the one he got when he sold it. Thus, we consider also a short position in the investment which is defined as follows:
We obtain: ,
Where denotes the percentile according to the statistical distribution .
From equations (4) and (6), we note that VaR depends on three components: the mean , the quantile and conditional standard deviation . In the next sections, we will attempt to model these components. Indeed, for the mean and conditional standard deviation, we use GARCH type models, and for the quantile, we adjust residual series by three distributions such as normal, student t and skewed student t distributions.
GARCH family models and volatility dynamics
We consider the return series defined by equation (3). Let the information up to time t be designed by . The standard
where denotes the lag polynomial with order according to ARCH part, with . is the lag polynomial with order according to GARCH part, with is the lag operator such as and is a conditional density with zero mean and variance which can be supposed taking many specifications. In this work, we consider three conditional distributions, namely the normal, student t and skewed student t. et al. (1992) show that GARCH(1,1) specification yields to better results in most applied situations. More recent empirical research illustrates that GARCH (1,1) model could adjust financial asset returns with very successful variance prediction. In this study, we apply the GARCH(1,1) family models and their extensions to estimate the Value-at-Risk. The GARCH(1,1) could be presented as follows:
The standard GARCH(1,1) model

Bollerslev
,
where , and are non-negative parameters with the restriction of to ensure the positivity of conditional variance and stationarity as well (Bollerslev,1986) . Engle and Bollerslev (1986) introduce the IGARCH (Integrated GARCH model) in order to take into account the existence of a unit root in the variance. Therefore, the IGARCH (1, 1) model is defined as follows:
The IGARCH(1,1) model
This model is a better alternative to GARCH (1, 1) specification. When μ = 0 and (smoothing parameter), the IGARCH (1, 1) model reduces to the so called "RiskMetrics" model of JP Morgan (1996) which is defined by:
, (RiskMetrics, 1996; Fleming et al., 2001 ).
The GJR-GARCH model
An alternative approach allows for capturing the effect of asymmetry of the disturbances on the conditional variance based on GJR-GARCH model. This model was introduced by Glosten, Jagannathan and Runkle (1993) . This specification is equivalent to the GARCH one, with the only difference being the incorporation of a dummy variable multiplied by the squared of residual terms in the variance equation. Formally, the GJR-GARCH (1.1) model is given by:
where and .
The GJR-GARCH is a model with threshold where the dummy variable is equal to 1 if the residual of the previous period is negative and equal to zero otherwise. Thus, the conditional variance follows two different processes according to the sign of the error terms.
Modeling residual series and GARCH family models estimation
Various probability distributions could be used in the framework of the MLE procedures to estimate the parameters of GARCH family models. In this paper, we investigate the normal, the Student t and the skewed t distributions.
The normal distribution
The use of normal density offers the advantage of simplicity. Recent studies recognize that the properties of the normal distribution are not compatible with the stylized facts (leptokurtic and asymmetrical conditional distribution) generally observed in financial asset return series.
For instance, under normality hypothesis, the residual terms is normally distributed, and we write:
Under this hypothesis, the Log-likelihood function for family models is defined by (13) Where and are respectively the parameters vector and conditional variance corresponding to each GARCH specification, developed previously, and .
Under the normality hypothesis, the one-day VaR, for each GARCH specification is obtained by replacing the percentile , in equation (4), by the one relevant to the standard normal distribution . Then, the long and short position under the normality hypothesis are given by:
with is specific to each model described previously and and denote respectively the and percentile according to the standard normal distribution. We note that the normality hypothesis could lead to convergent estimates of the parameters of GARCH model (principle of the pseudo-maximum likelihood). Nevertheless, the specification of the conditional distribution does not only relate to the problem of parameters estimation of GARCH models, but also and in more direct way to the determination of the fractile of the conditional distribution. The choice of a normal specification may have significant effect on the estimates and forecasts.
The Student distribution
The Student distribution offers the possibility of modeling tails of distribution thicker than those of the normal one (leptokurtic distribution). More precisely, the Kurtosis of the Student distribution is determined by its degree of freedom . Consequently, within the GARCH framework, this estimated parameter allows to capture the excess of Kurtosis which could not be explained even by GARCH model itself. Under this hypothesis, the standardized residual series follows the standard Student t distribution defined by (15) With and . In this case, the Log-likelihood function for GARCH family models is defined by:
, (16) where and are respectively the parameters vector and conditional variance corresponding to each GARCH specification developed previously.
The standardized Student distribution is symmetric and the skewness is null if . Moreover, this distribution is leptokurtic if . Under the hypothesis that the residual series follows the Student distribution , the one-day , for each GARCH specification is obtained by replacing the percentile , in equation (4), by the one relevant to the standard Student t distribution . Then, we obtain (17) with is the conditional standard deviation relevant to each GARCH specification described previously and and denote respectively the and percentile of a Student distribution with degree of freedom. Fernandez and Steel (1998) attempt to extend the Student-t distribution by adding a skewness parameter (Note 3) in order to accommodate the excess of skewness and kurtosis. They allow the introduction of skewness in continuous unimodal and symmetric distribution by changing the scale at each side of the mode. The main drawback of this density is that it is expressed in terms of the mode and the dispersion. Lambert and Laurent (2001) re-expressed the skewed student-t density in such a way that the innovation process has zero mean and unit variance. The conditional mean equation could be written as follows:
The skewed Student t distribution
with .
where follows the GARCH(1, 1), IGARCH(1,1) and GJR-GARCH(1,1) processes. It is widely observed that the distribution of residuals tends to appear asymmetric and leptokurtic. To capture excess kurtosis and skewness, we use the skewed Student-t distribution of Lambert and Laurent (2001) .
Following the work of Giot and Laurent (2003) (Note 4), we use a standardized version of the skewed Student-t distribution introduced by Fernandez and Steel (1998) . According to Lambert and Laurent (2001) , and provided that , the innovation process is said to be (standardized) skewed Student-t distributed, i.e. , if:
where is the symmetric (unit variance) Student-t density (Note 5) and is the asymmetry parameter (Note 6).
The parameters and are respectively the mean and the variance of the non-standardized skewed student-t distribution:
and (20) The sign of indicates the direction of skewness, and represents the degree of asymmetry of residual distribution. Hence, if , the skewness is positive (negative) and the probability density function is skewed to the right (left). When , the skewed Student-t distribution is equal to the standard student-t distribution.
The functions and are respectively the left and the right quantile at for the skewed Student-t distribution with degrees of freedom and asymmetry coefficient The log-likelihood function of a standardized (zero mean and unit variance) skewed Student-t distribution is given by:
where (22) with is the asymmetry parameter, is the degree of freedom of the distribution and satisfies the equations of the GARCH volatility models considered in our study.
The one-step-ahead forecast of the conditional mean and conditional variance is computed based on past information. Hence, the one-day-ahead computed at time , under the skewed Student-t distribution, for long and short trading positions are:
(23) Lambert and Laurent (2001) show that the quantile function of a non standardized skewed student density is:
where is the quantile function of the (unit variance) Student-t density. We simply obtain the quantile function of the standardized Skewed student-t:
The value of parameter measures the degree of fat tails in the density. If , the density has fat tails. The value of determines the degree of asymmetry in the density. If ( , and we will get a bigger for long position than short position, i.e. the VaR for long trading positions will be larger for the same conditional variance than will the for short trading positions. When , ( , and we will get the reverse result.
Evaluation methods of model-based VaR
There are several methods for determining accuracy and efficiency of model-based measurement. These methods are based on risk management loss functions such as the binary and quadratic loss functions (Lopez, 1999), on LR test of unconditional and conditional coverage (Kupiec, 1995; Christoffersen, 1998 ) (Note 7) and on Mean relative scaled bias (MRSB) proposed by Hendricks (1996) . In this paper, we use two approaches to evaluate model's capacity and accuracy in Value-at-Risk estimation, namely the Sample coverage used by So and Yu (2006) and test of Kupiec (1995).
Sample coverage approach
The sample coverage is used in the literature to evaluate Value-at-Risk estimation. This approach is based on the computation of the empirical failure rate which is defined by , where is the total number of observations, denotes the number of exceptions; i.e. the number of times returns exceed (in absolute value) the forecasted in the sample, and is a Bernoulli random variable defined by ,
In a risk management context, represents the binary loss function. If the predicted estimate is unable to cover the realized loss, this is called an exception. Equal weight is accorded to each loss that exceeds the estimate; and all other profits and losses have a zero weight. We expect that is close to for a good estimation method.
Therefore, the smaller the discrepancy between and , the better performance is the estimation method. To assess the overall performance of each model, we rank the methods according to for each case. We introduce and characterize our dataset at this stage to set the statistical properties of the series during the two periods. More specifically, we consider return series of closing prices expressed in (3) (Note 8). Table 1provides the descriptive characteristics for the return series, while descriptive graphs (price, daily returns) are included in Figure 1 .
Kupiec test for unconditional coverage
Summary statistics clearly indicate that the index is more risky and less profitable in the crisis period than in the normal (stable) one. Indeed, means values are positive in the stability period and negative in crisis one, and standard deviations are higher for this turbulent period. During this period, the return series are extremely volatile which lead to a succession of extremely large positive and negative returns within a very short time span.
The application of some unit root tests indicates that the series are stationary for the two sub-samples series. In addition, it is clear that the normality hypothesis is rejected for the first sub-sample, and accepted for the second one (crisis period). Indeed, we notice that in the stability period, skewness is significantly negative. Moreover, excess kurtosis is significantly different from zero. This situation indicates that the empirical distribution of returns displays fatter tails than the Gaussian distribution in this period. That is, large changes are more often to occur than a normal distribution would imply. For the crisis period, the skewness, kurtosis and Jarque-Berra statistics indicate that the normality hypothesis could not be rejected.
GARCH family models fitting
In our empirical study, we use first the maximum likelihood method to give parameters estimates for each model defined presciently (Note 9). These estimates could be used to assess the in-sample performance of various GARCH models in forecasting VaR for long and short positions. In this subsection, we estimate three GARCH family models (GARCH(1,1), IGARCH(1,1) and GJR-GARCH(1,1)) under the normal, Student-t, and skewed Student-t distributions innovations return series. Table 2 compares the estimation results of these models estimations. According to this table, we verify that stationarity condition is obtained, i.e. and is close to unity for all GARCH specifications during the two periods. In addition, estimated parameters and are all positive and significantly different from zero almost in all considered specifications. We find that increases when a student error model is fitted instead of normal error. In the case of Student error fitting, we observe that the coefficient is statistically significant at 5% confidence level for the first sub-sample. Consequently, this result indicates that NASDAQ return series is fat tailed and exhibits a leptokurtic characteristic especially in the first period, due to the rejection of the normality hypothesis for return series. However, we observe a large degree of freedom which isn't statistically significant when the data cover the crisis period. This is explained by the presence of normality detected in this period.
For the skewed student-t distribution, the asymmetric parameters are negative and statistically significant in the stability period confirming the fact that the density distribution of NASDAQ return series is skewed to the left side. However, the asymmetric parameters are also negative in the crisis period but insignificantly different from zero. Besides, the empirical results showed that fat-tail phenomenon is strong in the calm period than in the crisis one because the student parameters are significantly different from zero under the three models. As a result, we may conclude that the skewed-student-t-GARCH family models considered outperformed the other models with the normal and student-t distributions innovations in capturing the asymmetry and fat tails of the NASDAQ return distribution.
In order to compare the quality of fitness among the three specifications, we report the ranking of these models based on AIC (Akaike's information criterion), SH (Schwartz), and HQ (Hannan-Quinn) information criterions (Table 3 ). According to these criterions, we rank the best models. We use the mean ranks to indicate the average rank for each specification. The model selection procedure is based on two steps. First, we choose the best innovation distribution for each model and we select the best one based on the mean ranks. Then, we choose the best GARCH specification for the three best distributions. Generally, student-t error models perform better than the normal and Skewed Student-t error models in the stability period. However, in the crisis period, results show the superiority of the normal distribution (table 3) . From the empirical analysis of these models, the GJR-GARCH model performs the best in the two periods. Thus, we select this model in order to compute in-sample estimations during these two periods. This result could be explained by the asymmetry in volatility which could be detected by the GJR-GARCH specification in the two considered periods.
By taking into account for the volatility asymmetry, we notice that the parameter describing the asymmetric feature in the volatility is positive and statistically significant in the two considered periods. This evidence indicates that unexpected negative returns resulted in more volatility than unexpected positive returns of the same magnitude. In addition, it is clear that volatility clustering is observed in the daily returns graphic, especially in crisis period (graph 1). The GARCH coefficient is statistically significant for all models considered and is found to be around 0.87, 0.9 and 0.8 for GARCH, IGARCH and GJR-GARCH models respectively, under the three distributions for our daily financial time series relative to turbulent period. Given the values of this coefficient, it is obvious that large values of will be followed by large values of , and small values of will be followed by small values of .
Assessing the VaR model performance
In order, to assess the performance of based Value-at-Risk model (GJR-GARCH), we present a range of summary statistics that address a number of these different aspects of VaR models to risk managers. Two types of performance criterion are employed: sample coverage and Kupiec LR test for unconditional coverage.
By adopting VaR as a quantitative measurement of downside risk, risk managers desire to achieve a failure rate equal to the fixed level confidence .
VaR model performance in stability period
During the first period (stability period), the VaR results computed by the normal, Student-t, and skewed Student-t via the best GJR-GARCH(1,1) model for the long and short trading positions are given in Table 4 . The first remark is that the LR Kupiec test accepts the null hypothesis for all confidence levels, for the three distributions in long and short position VaR (except of the 0.5% confidence level). Then, the failure rate is significantly equal to the prescribed confidence levels. This result clearly indicates that the GJR-GARCH(1,1) is very successful in VaR estimation for our data set.
If comparing between distributions, we observe that these later perform better at low confidence levels. Indeed each innovation distribution has the lowest value of sample coverage in the 0.25% confidence level for long and short trading positions. On other hands, the comparison between the three distributions shows that Student-t and skewed Student-t perform better than the normal distribution according to the lowest value of sample coverage (0.0747% versus 1.006%).
VaR model performance in crisis period
As mentioned in Table 5 , we obtain the same conclusion for the Kupiec's LR test. Indeed, the null hypothesis is rejected only for 0.5% confidence level and for long trading position. In addition, some values of LR test are not available, due to the absence of exceptions especially for skewed Student-t distribution for long position VaR. Moreover, we note that the Kupiec's LR test accept its null hypothesis for all confidence levels under the three distributions. This result shows that the selected GJR-GARCH model is also successful in VaR calculation in the crisis period. It is clear that the normal distribution performs better in this period. This result could be explained by the return series normality in the turbulent period (Table1).
Effects of subprime crisis on value at Risk estimation
To investigate the effects of subprime crisis on the VaR's amounts computed by the selected GJR-GARCH (1,1) model, we analyze the descriptive statistics of VaR values in the two sub-periods considered. According to tables 6 and 7, we deduce that the means and standard deviations VaR values, in crisis period, are larger, in absolute value, than those in stable period for the case of long and short trading positions. These findings could be explained by the speculative behavior of investors in the US stock market and in particular to moves of taking buy and sell positions in order to realize short term gains. These speculative actions may lead to generalized increases in almost of all the of financial assets prices to levels that do not reflect market reality but rather to the formation of a speculative bubble. These bubbles lead to a situation where asset prices are significantly different from their fundamental values.
The subprime crisis has led to the deterioration of the American mortgage market. It has been initiated due mainly to an excess liquidity and quickly degenerated into a credit crisis followed by stock market crisis. The stock market prices have rapidly and greatly decreased while the trade volumes ought to increase. Consequently, the volatility of Nasdaq100 index return series, induced by the stock market speculation, has increased during the subprime crisis generating the rise in VaR values.
Finally, we conclude that the subprime crisis has significant effects on Value-at-Risk estimates as it pushes up the amount of maximum losses supported by speculative investors.
Conclusion
GARCH type models are widely used to model financial market volatilities in risk management applications. They may be used to model risk attributes such as volatility clustering and the long-range dependence structure that exists in financial indices. In this research work, the GARCH , IGARCH( , and GJR-GARCH models with the normal, Student-t and skewed Student-t error distributions are investigated to estimate one-day-ahead VaR for daily NASDAQ index returns. We focus on the investigation of the effects of American subprime crisis on Value-at-Risk estimation using some GARCH family models listed above. Also, we have assessed the performance of VaR models using the sample coverage and Kupiec LR test for unconditional coverage. The first empirical result confirms that the GJR-GARCH(1,1) specification is chosen in terms of information criterion in the two considered periods. This choice led us to a very successful one-day-ahead VaR calculation. Indeed, the LR Kupiec test shows that this model accept the null hypothesis of equality between the failure rate and the specified VaR confidence levels for in the case of long and short trading positions. If we choose between distributions innovations, we conclude that Student and Skewed Student are preferred in the calm period and that the normal distribution performs the best for the turbulent period due to the observed normality in the return series. Finally, we conclude that the subprime crisis has significant effects on Value-at-Risk estimates as it pushes up the amount of maximum losses supported by speculative investors. 
